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INFLUENCE OF FINITE ION LARMOR RADIU S EFFE CTS ON THE ION

RESONANCE INSTABILITY IN A NONNEUTR.AL PLASMA COLUMN

Ronald C. Davidson*
Division of Magnetic Fusion Energy

Energy Research and Development Administration
Washington , D. C. 20545

and

Faculty of Science
Hiroshima University, Hiroshima , Japan

Hwan—sup lThm
Department of Physics and Astronomy

University of Maryland , College Park , Md. 20742 USA

This paper investigates the influence of finite ion Larmor radius

effects on the ion resonance instability in a nonneutral plasma column

aligned parallel to a uniform axial magnetic field B0~~. The analysis Is

carried out within the framework of a hybrid Vlasov—fluid model in which

the ions are described by the Vlasov equation and the electrons are

described as a macroscopic , cold fluid. Electrostatic stability properties

are calculated for the case in which the equilibrium electron and ion

density profiles are rectangular and the ion distribution function is

specified by f?_const•x6(Hj_wjP~
_i
~j
)G(v

z
)
~ 

The resulting eigenvalue

equation for the perturbed electrostatic potential 3~ (r) is solved

exactly to give a closed algebraic dispersion relation for the complex t
eigenfrequency w. This dispersion relation is solved numerically,

and it is shown that the growth rate of the ion resonance instability

exhibits a sensitive dependence on plasma parameters. For examp le ,

finite ion Larmo r radius effects can have a strong stabilizing influence

for azimuthal mode numbers t’2, particularly when the equilibrium self

electric field is sufficiently weak. For the fundamental mode (c—i),

however, stability properties are identical to those calculated from a

macroscopic two—fluid model , and the growth rate is unaffected by the value

of ion Larmor radius .

1 ~ave of ahscnr c  f rom tho  Uii f vt rM I t  v i~ I M:i rv I and • (~~‘ 11 t~gc P a rk  Md
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1. INTRODUCTION

One of the most basic instabilities that characterizes a nonneutral

plasma1 with both ion and electron components Is the Ion resonance

2—5instability. In cylindrical geometry (Fig. 1), the ion resonance

instability can be described as a two—rotating—stream instability
2

in which the relative rotation between electrons and ions is produced

by the equilibrium self—electric field E°(r)~~~. Previous analyses of

this instability have beer~ based on macroscopic cold—fluid models
2 4

in which the ion and electron motion is assumed to be laminar.

Although this is a reasonable approximation when

rLI <<R

we expect significant modifications to the stability behavior when

rLI~RP. (Uere tLi is the characteristic thermal ion Larmor radius,

and R is the radius of the plasma column.) In this paper , we

investigate the influence of finite ion Larmor radius effects on the

ion resonance instability in a nonneutral plasma column with rectangular

electron and ion density profiles (Fig. 2). The analysis is carried
~~ . I ~

out within the framework of a hybrid Vlasov—fluld model. The electrons

are described as a macroscopic, cold (T
e~
O) fluid immersed in a

uniform axial magnetic field B
0~~ • On the other hand , to allow for

the possibility of large ion orbits with thermal Larmor radius

comparable to the radius of the plasma column, we adopt a fully kinetic

model for the ions in which the ions are described by the Vlasov

equation. Such hybrid models have also proven quite tractable in

6,7 8
theta—pinch and ion—layer applications .
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The stability studies presented here assume electrostatic per-

turbations with Infinitely long axial wavelengths (3/3z’.O) . Moreover ,

the analysis is carried out for arbitrary values of the dimensionless

parameter

rLl
HH P

For a nonneutral plasma column with uniform density, It is also

useful to introduce the dimensionless parameter

-22t~
~~ ( i f) ,

which is a measure of the characteristic relative strengths of the

equilibrium self—electric force and the magnetic force on an electron

fluid element. Here w is the electron plasma frequency, w is

the electron cyclotron frequency, and f=n~/n
0 
Is the fraction:l

charge neutralization provided by the positive ions. In the present

analysis , the parameter ~ and the fractional charge neutralization

are allowed to span the range of values

O<S l

j and

O<f<l

where &.1 corresponds to the maximum allowed charge density for

radial confinement of the equilibrium configuration .

The outline of this paper is the following. In Sec. 2, we

describe the hybrid Vlasov—fluid model (Sec. 2.A) and summarize

the equilibrium formalism (Sec. 2.B) for general electron density

profile n~(r) and equilibrium ion distribution function of the form9



- - — -~~~~~~~~~~~~~~ - ------ ----- ~~~ ~ - -~~~~~~~~~~~~~~-- - -- -— -

1
Here, V is the axial velocity, H1 is the perpendicular energy

(Eq. (9) 1, P0 is the canonical angular momentum (Eq. (10)], and
conat. In Sec. 2.C, equilibrium properties are calculated f o r  the

case where the electron and ton density profiles are rectangular

(Fig. 2) and the ion distribution function is specified by

[E q. (18)1

fn
0m~f

1(~ ,~
) — — c-— 6(H1—~~1P0 — T 1

) .(v )

where f, n0 and Ti are constants. Electrostat ic stability propertie s

are discussed in Secs. 3 and 4. In Sec. 3.A, the general eigenvalue

equation [Eq. (49)] is formulated for arbitrary n
0(r) and

v). In circumstances where the perturbed ton d e n s i t y

corresponds to a surface—charge perturbation (at r~R) , the el genva lue

equation (49) is then solved in Secs. 3.B and 3.C for t h e  case where

is specified by Eq. (18) and the e l e c t r o n  and ton density profiles

are rectangular. A striking feature of th i s  anal y s i s  Is the fac t that

the required orbit integral I [Eq. (50)] can he’ evaluated in closed form !

(Eqs. (59) and (62)1 for general values of the parameters

and (2
~~e

/w
~e

)(l_f)
~ 

Moreover , the resulting ci genvalue equation

(61) for the perturbed electrostatic potential ~~(r) can he so’ved

exactly to give a closed algebraic dispersion re la t ion ~Eq. (66)1 for

the complex eigenfrequency ~~ As expected , In the l imit where ct r Li /R -~
O
~

Eq. (66) reduces to the familiar cold—fluid dispersion relat ion [Eq. (70)1

previously discussed in the literature . ~

The general dispersion relation (66) Is an algebraic equ at ion  of

order t+3, where t Is the azimuthal mode number. In Sec. 4, a

detailed numerical analysis of Eq. (66) Is presented and stability

properties are investigated for a broad range of p lasma parameters.

- - — -—~~-- -— -—~~~~~~~~ ~~~~~ , _~~: ~~.



— — — —
- --- ~—— • 

—— — — - -—
~~~

S

It is found that the growth rate of the ion resonance instability

exhibits a very sensitive dependence on r /R , ~2 ,~
2 and f.Li p pe ce

For examp le , finite ion Larmor radius effects can have a strong

stabilizing influence for mode numbers £>2 (see, for example ,

Figs. 10 and 14), particularly when the equilibrium self—electric

field is weak (&2 1w2 <<1 or f close to unity). For the fundamentalpe ce

mode (i—i), however , stability properties are identical to those

calculated from a macroscopic two—fluid model , and the growth rate Is

unaffected by the value of r
Li
/R.

As a final note, we emphasize that the present stability studies

are based on a fully nonlocal analysis of the linearized ion Vlasov

equation. The fact that the dispersion relation can be obtained

in closed form is a somewhat fortuitous manifestation of the sharp—

boundary feature of the equilibrium configuration (Fig. 2) and the

choice of equilibrium ion distribution function in Eq. (18).

4 
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2. THEORETICAL MODEL AND EQUILIBRIUM PROPERTIES

2.A Theoretical Model

In the present analysis , the electrons are t reated as a cold

(T -’-O ) f lu id  Immersed in a un i fo rm axial magnetic  f i e ld  
~~~~~

Within the context of the electrostatic approximation (~~ B0~ 
and

VxE O), the equation of motion and the continuity equation for the

electron fluid can be expressed as

V xB e
+ V . V)V = — _

~~~~ (_ v ~ + ‘i-’e O~ z ) (1)
m C
e

~ + 7 . (n V ) = 0 , (2)
~t e e”e

where ~( t)=—V ~Q~,t) is the electric field , fleQ~~
t) is the electron

density, y,~~(~~, t) is the mean electron ve loc i ty ,  and —e and me

are the electron charge and mass , r e spec t ive ly .  In Eq.  (1) , the

spatial va r i a tion  in B0 is neg lec ted  ( low—beta  app rox ima t ion ) .

To allow for  the  poss ib i l i ty  of large ion o rb i t s  wi th  thermal

Larmo r radius comparable wi th  the radius of the p lasma column , we

adopt a f u l ly k ine t ic  model in which the ~on d i s t r i b u t i o n  f u n c t i o n

f .(~~,>~, t )  evolves according to the  Vlasov equa t ion

vxB e
+ v + —s- (_ v~ + ~ c

0
~~~) 

~
_ } f .( x ,v , t )  = 0 , (3)

where +e and are the ion charge and mass , respec t ive ly .  In Eqs.

( l ) — ( 3 ) , the e l ec t ro s t a t i c  p o t e n t i a l  ~~~~~~~ is determined self—consistently F
from Poisson ’s equa t ion

= _ 4 n e ( J d~ vf . _n e)
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E quat  tons ( 1  — 
~~ ~~~~ it  ut e .1 c 1 osed ~t t ~~c t’ t t on  o t the e q t t  i t  t ’t I t in

and e l e ct  r o s t  a t  Ic  st~tb i i  t t v  ~~ op e v t  t e s  ot  t h e  ne ’t t i wt it  t a I i a su ia  ~ o t  unit .

and t o t - nt t he t heor  ‘ t a 1 b.ts is  t o t t he stit’seqtie~t t t  aua  1 vs Is

• ~ a I i -p t  I t  I t ’t  I t im t ’ r op e t  t I e~~ .

An e q u i l i b r i u m  ana I vs is  t Fq s .  I — ( •. t or general ~;t  ~‘ ,dv -

s t a t e ( .~ / ~ t t~ p i e  t t i c s  pr oce e d s  in t he t o t  low I n~ manuct . A~.

it lus t rated in Fig • I • we • I u t  t oduce  ~ v I m d  I cat p e l t  r coo c d i  n a t  es

( r • • ) w i t  h —
~~~ Is cot , c h ~~~~

. .~~~~ ~~~~~~~~~~~ ~~~
- :1

is t h e ’ r a d i a l  d t s t a t i ~-c t r o u t  the • ~~~~~ ;ttt d ~ IS the po u t

aug le In a p1 ~wc perpend I cii i 5tr t o t t te  ~i\ is. t’e’r a: I nut hat l v

svmrne t t I c  e I e ’ct ron e q u i  I ibr (a s, .~ ~t~~~
t)  and .~ 

- t : — ’~) i  t t . i t a c t  c i i  :e ’J

1w r~ and V~ ~
L) 

r~ ç . it is st r,t ig l i t  t o t  w a t  d t o  show t on

(~~ t hat the t u t~ct  ~ e ’ct ron ~Icns t V pr o  t I Ic

c . i t t  b e sp~~ - it led atbi t t a t  I i v . Mot  eov ~’t • th~’ dcv tat t o n  I r on

equ ti i b r i u r n  o l t a i g e  i t c u t  r a t  t t v  pto ~Itt ~ cs a radt a i e l e c t  t e~ t icid

F r ,~ ~ / .~ hat I ut lii c i t e  he a: I nit t ha I not I on o t t h~’ e I e ’C t I ott

I t i l~1. It I o I I ow ~ I i em t-q . i, 1 t h a t  ~‘~i u i 1 i hi urn t er~ ha I a t i c • it t he

tad Lii dir ect iou can he e ’ x p t e ’ssed as -rn V~~~ r~~/r~ ci
t 

~~t~~~
- - cV ’ 

~~~~~~ ‘ c .
I e~~

01 i’~~tI I VSI 1 e ’t t t  1

e’ 0i • ‘ 1 c i ’

wher e  5 ~ell m c  Is t h e ’ t’le ’~ I t on  ev e  l o t  t on  I t e e I t i e m ~-v 
• 

~~~~ 
r~ 

~~k 
f t

I~ t hi’ ~~~gu t a t  vi ’ t o e  it v o t an C 1 •~ t on I i i i  d c I e rneut  • .~~~i

t h e ’ a f l g i t  1.11 ~~~~‘ t~ t I I’~~ ue ’ %t ~ v d:’ : ~~‘‘ ‘•
‘~ ‘

i 
— — 

i t t  
— cli ~ i

-

~

- -

~

--

~ 

- - -5—  -- -~~~~~~~ - ~~.-,-- - _ - -
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We note trom Eq. (S) that he ri ’ are two a l l  owed eqti III hr I tint

values el ~~ ( r )  • S o l v i n g  Eq. (~~~ for .‘ (r ~ gives

- i/ :

- ‘  - ~~~ [1 (i - 

‘
~“ i - )  I 

( ‘ )
C’ ~‘ ~ ‘ cc

whe’ re the’ uppe’ r si gil ~
‘ ) co r r e spe t i d s  t a “ 1 .Ist tot at t o n a l

e’qui I I  hr j un . and t h e  I ei~’er s i g i t  i, ~~~~~~~~ 1 eec r esponds  to a ‘ el ~~~

r e t d t  t eu . t l eq t t t i  i br i u n t . F v i d e n t  l v . in  t h ’  l i m i t  ol weak  cad L i i

e’ I ccc rIo t i e ’ I d  w it it 
- 

~

. .  it t e l l  ewe I t  em E q .  ~) t h a t

and .

I e l  ( i~ ’ti ~~~~ anv  d i e t  1 ( H u t  ion  t u n e t  ion  1~~~ x . ~ t h~~ a t i i i e ’t ~~~~~

01 t h e’ ‘~ i t  ~ Ic—pa i t Ic Ic ~~ ‘ i e  - ~~t l ie no ten  n h~’ e’qu ii I hi  I te~ i ci  ds

i s  .t sol ut  ion t e t he st e.idv—s t . i t e ’ i. / ~ O )  ion  V I .isov equat t on  •

For presen t  purposes  • we ’ -oss I etc r t t i e ’ c i  . tss el  r i g Id t o t  or  ion ~ i COV

equilib ri .t ~teser tt’ed l’v -

I - - - . 1’ , .  v .
- St ~ ~

‘ H

where’ . ‘ .~~ e~Of lSt  . . ~ s t i e ’ ‘~ Lii - leo  Lv . 11 , is t in’ p e r p e n d i c u l a r

cue’ r gv

RI — ? ¼ v ~
’
~~v e’~~~~t i ~~

P i s  t he 0 111011 ¼’ .1 l , t i ’ i t  [ .i t  11,911C ’t \ t  Unt

I ’ — r ( v 1 4 i . - , • I

~ind - ,‘ ~ t’ti i’,~ e (~ t he ’ i ~i cv c i et t ’ -n t i - C ’ i ) t l t ’ f le’V . t ’l i l e ’ i ’ he t i n e  I j o l l a

(e rr , ::t ( t l ~ — , v •p°~
’ it ied~ I l~ e’ c c l i i i  1 ib r i u n t  e’ l o o t  t e s t  . t t  to

potent tat r~ in be ’ s e t  em i no d so t — e o n ’. I st cut  lv t t~~’~~ I he

st c . id v — ’ -— t at  ~‘ P ot  i S O U  eq u al I ‘n

~~~~ ~~~~~~~~~~
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~~ ~~ 
r — .~~e i f c t  

;
~~f ¼ ? ( u !

_
~~i

p
l i . v2~~l l~~( r ) l  •

I i o it
where’ j et V I~~ — t t  c ’I I s  t i l e’ equl I thr turn ion ~ie’ns It V

An I nup o i t . in i  e’a i t ir  e e t eq u i  I t  hr  I ti nt d i  st r I b i t t  i o u  I lUt e ’ t I s ’t tS  t tt.i I

depend en H, and i’~ cxc h i s  t VI  1 v t H tetig li t iie~ t i t u e -at eomb i n a t  ion  ~~ —~~ I’ ,,

Is t h at  the rne ’sII .1? I niut  h a l  met ion i I t s j ’ s ’i tsi S t 0 ~i I I ~Z i Ci t O t  .11 1 Ott

wi th an g ula r  v e l e c  i t  v - - ~-e ne t  Do I i i i  l u g  iit ’ rne’5u1 a: intut h a t  v i - I ’ -  i t v

of  the’ b its 1w V~~ r~~— ~~ I~~f d  ~~~ i t  i s  et  ra i gl i t  t o r wa i d  t~ ’

show fr o m  Fe1~’ . ~- ¼ 11~~ t i ~~it V ~~~~~~~ tot ( l i e ’ c l a s s  01 i o n  ‘~i i t I t [’ t Li

de ’s c r i h e ’d by  Eq .  t S t  . Iii the ’ e q u i l  t l ’ u  in n  5tnd s t . t t - i l  L v  an~t l v sis t i t . i t

tel l ows  • it i s  n e t ’ I u l  t o  t n t  t e d t i, e - pe ’r p end  i o u  l . i t  y e  too I t  v v a t  i at’ I -
~~.

.tl~Pt0i’t ’ i.i t 0 t 0 1 h~’ t Ot  a t  I it~~ 1 1 inc 01 1 t i e’ b i t s .  De - I in t u g  L

V — ~ ‘ #- .~ v
\ \ I 

~~~~

V V 
x .

t ’ r  e q u i v a l e n t  iv \‘
~~~~~~~

‘

~~~ 

and 
~~~~~~~~~~ 

I I i s  st  i a  i g l i t  ~‘tW .tr~I t o  s h o w

t r o m  ~‘i~~• ¼ ‘~ and ¼ I ~~ t h at
— I

F rn
U , ‘ ~‘ i t  — : V~ + ~~ t t  , ¼ I ~

where’ \‘ \~~ +\ V 4 V ~~. and ~~t r ~ i s d ot m o d  1w

~ ¼r ~ — ~‘~~ ¼ r~ 
— 

l%
~
)
i 

~~~~~~~~~~~~~~~~ ~~~~~

N o t e  in Eq.  ( 1~ t h a t  rn
1

V~~/ IS t ile’ pe’i’pe’tleltc - tlI5l t kine t Ic’ e u l e ’ l g \  In

a I r 5lnue ’ 01 t i ’ t cc ‘nc e’ i 0  t at In g with angit 1 ar Vt ’ lee it v “i 
. aunt ~ ¼ 1 t

the e’ t I ‘~~
‘ t l v i ’ p o t  cut t~I I I t t  t h e  ret a t  tu g  t manic ’ . Subs l i t  lit tug Eq. ¼ ~~

i n to  E q .  (S~ . the’ e’qu i 1 (hi -  (t int ton detis it \ ’ preI li e nt
1 ¼t’ ~~~ d V t  ca i t  be ’

expr e ’sse’el 5 i S

‘

-~
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m
n~~(r )  = 2ii 

0 
dV , V , dv f? ( -i-- v ’ + ,(r). . 15)

Moreover , i t  can a l s o  he shown t h a t  t h e  e q u i l i b r i u m  p re s s u r e  t en s o r

in the  p lane p e r p e n d i c u l a r  to  ~ is i s o t r o p i c  w i t h  p c r p~~:~d i c u l a r

0 0 0pressure  P i, (r ) = n j ( r ) T j ( r )  g iven  1w

0 0 r ’ 1-’. ) ( )  m
1n .(r)T. (r) 2~ dV , \’ , dv - - i- V ( , ( - -v \‘7 + ~ ( r ) .

(it

Equation (16) , in e f f e c t , determines t h e  perpend ic ul a r  ion tem p er it nr c

p r o f i l e  T? ( r )  in t erms  of the  equ ilibriun u distribution l unc t  ion

2.  C Sh:~~p~j Ioundary_ I-Hi~i i 1 i b r i u m

The f o r ma l i s m  o u t l i n e d  in Soc .  2 .  B can be u~ e’d to j f l v e ’st igate

equil  i b r i u m  p r o p er t i e s  for a bro a d  c h i ss  of o l e c t  ron d e n s i t y  p r e t  i Ice

n 0 ( r )  and ion d i s t r i b u t  ion  fu n c t  ion s  i
0(H ,— .P ,v )  . For p u r po s e’s 0 1

a n a l y t i c  s i m p l i f i ca t i o n  in the  s t a b i li t y  a n a ly s i s  in Sec .  3 . B . we

spec ia l i ze  to the case of a s h a r p — b o u n d a r y  e q u i l i b r i u m  (F i g. 2 ’) in

which the electrons have a rectangul ar d ’n si t v pr o file , i.e.,

• n c~ ns t  . , 0<r<R
0 0 p

n ( r )  = (17 )

0 
* 

R .zr - R
p 0

In Eq. (1 ~ ) , R denotes  the radius of the p lasma column , and r=R ,

is the  radial  loca t ion  of a grounded c o n d u c t i n g  w a l l .  For the  ion

e q u i l i b r i u m , we make that p a r t i c u l a r  c h o i c e  of tha t  also g ives

a rectangular density profile , i.e.,

f n m
f~ = - -

~~
---
~ ~~~~~~~~~~~~~~~~~~~~ . (is’)

where f and T . are posi t ive constants , and C( v )  is the p a r a l l el

velocity distribution with normalization J dv C (v ’) 1. Substituting

— -- _ _
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Eq. (18) into Eq. (15), i t  is s t r a i g h t f o r w a r d  to SF:oW that the ion

density profile can be expressed as

fn
0
=const. ,

n?(r) = (19)

0 , uti(r)>f~

In the region where the electron and ion densities are constant [Eqs.

(17) and (]9)J, tne solution to the equilibrium Poisson equation (11) 
-

corresponds to the parabolic potential

m
~

0(r )  = -
~

-
~

- w
E
w

i
r , ( 2 0~

where 4 °(r=0)=0 has been assumed , and

2iTn ec 0
= 

B 
(1—f) = — j~

-
~

--- f~
— = const .  (2])

0 0

is the r o t a t i o n  f r eq u e n c y .  S u b s t i t u t i n g  Eq. (20) into E~~. (14),

the e f f e c t i v e  po ten t i a l  ~~ r) can be expressed wi th in  the plasma column as

1 2 2  -,u~( r )  = -~ m 112 r 
* 

( 2 )

where £2 2 is def ined  by

2 2 + —

£2 (s )~~(si ~~~~~~ i i
t
~e ~ ~~ 

~Wi
U~~ (...)

and tel
1 

is ef ined in Eq. (31) . We note  from Eqs. (17) ,  (19) and

(22)  tha t  t h e  e lec t ron  and ion dens i ty  pro f i l e s  pr eci sel y overlap with

a coimnon radi” R (F ig. 2 )  provided ~ (R~ )4~’1~ i . e . ,  provided

,j~ mf i~~~2~ 2 (24 )
i 2 p ’

which relates T1 and the radius R of the p lasma column . Making use of

Eqs. (22) and (24), the ion density profile in Eq. ( 19) becomes

—~~~~~~ -,- --~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ --~ ‘-- —~~~~~~~~ ‘—~~~~
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fn , O < r - r R  
*

0 0 p
( 2 )

0 
* R - r ’ Rp c

Comparing Eqs. (17) and (25), it is evident that n~ ( r ) = f u °( r )  , where

f=const . = f ra c  t tonal charge neut ra It zat Ion .

We make use of Eqs. (16), (iS) * (22) and (24) to evaluate the

p e r p e n d i c u l a r  ion tempera ture ’  p r o f i l e  T~~~( r ) .  Some’ straightforw ard

al gebra g i v e ’s

.0 ,-
. - 2 21 . ( r )  = 1 11 l — r  / R ]  (2 ~ )

for  ( ) - r ’ Z R . N o t e -  t it at  ‘F~~~(r )  Is  ii max imum (‘I~) for r=0 , and decreases

to zero at the ed ge of t h e  p lasma column ( r =R ) . For fu t  ur t ’  re ft ~r e ’nt -c ,

i t  is list’ l i i i  to  tnt  r o due ’e’ t h e  I on d iamagnct  I t ’ f requ e ’n cy  d e f i n e d  b y

°d 1
=(e’/eB

0
n~ r) (~~ /~~r )  (n ? I ~~~) .  Making use of Eqs . ( 15) and (2 6)  We

f i n d
T 1c 2 F(LI

I I  
= — 

~~ 
= cofl~~tj . ( 2 , ’ )

p

Suhst itu~ ing Eqs. ( 2 1 )  and ( 2 ’ c) i nt o Eq. ( . 7 )  r e a d i l y  g ives

(5 
1 

= ~ i ( uuF.+w(~ ~
) 

* 
( 2 8)

wit I ch r e l a t e s  tIt~’ (o o tt st  a n t)  f r equencies w
1 , w W

E 
and . Equa t Ion

25) Is  s I m p l y  a s i  a t  ement of macI 1 al for e  t’ balance (of e’ent r I fug a  I

magnet I c  
* c i t e  t r  Ic and pressure  g r ad ien t  forces)  on an ion f l u i d

ci e’ment f o r  t he’ clue Ice of e’qu i i i  h r  1 lint d 1st r ibut  ion func  t ion in Eq.  (18

E q u i t  ion (2 8 )  i s  a u s e f u l  ccl  at  ion s ince  I t  i nd ica tes  t ita t  the

a n g u l a r  rotation vt’ lot ’ it v cannot  he spec i f i ed  independent ly  of

- and I . For examp [e’ , zero mean ro t a t i on  of the  ions (su =0)c i  }~ d l  I

is e’ofls iu-ute’nt on l y i f  , whi  oh e-orrcsponds to au exact  balance’

_ _ _ _ _ _ _ _ _ _ _ _  —— _ _ _ _ _ _ _ _ _



_

i t

ti f ci cc t r i c ’ and pre ’ssure ’ grad L e n t  li i i C i’s ott an I ( il l  I Iii l e t  ‘ I t ’ u i t ’ I i t

On th e  other hand , [or comp i e’t e~ e’ltar ge ’ ne~ut  t a I I ~~~~ b i t  w b  iii I I au th

I t f o i l  euws f r o m  Eq .  ( 2 8 )  t h a t  - f c ~~ . ii (liii t’ X LIllp I ~
-

I’ I I c i  c i  d i

t ile’ I n e q u a l i t y  W~ is also sat 1st it’d , t hen t i t i ’  t w i t  ~e l e i t  l o u i s  t~ ’r

s
1 

can be appr ox  I mat eel liv s
1 

anti  
I

_ c • wit i cli e ’ e ’ i rt ’spcu nd I i ’

“slow ” and “ t~ u~c t ” r o t a t  t o n a l  e q u l  I i i ’r  i i , I t ’~ ’ j 5 ’ c t  Ivel v .  I-’ tit , u l iv . I e u

t h e  rec angu I at -  dens It v p ro  I I I  e’S pre’si’ ml bed liv Eqs. II 7) cud ( 1”)

i t  should be netted t rout Ee1~ . ( 7 )  au t el  ( 1 1)  1 hi.tI I itt ’ I ult ’ , %l t  a. - m u t t  i t . i  I

met ion et  t he’ e l e c t  ron t I ul d c ’or i e ’ s pc *n d s  10 .1 I I g ie l  l e t  a t  h u t  wi (Ii

let ‘(5 coits

2.1) l o u  l’ r t j  e ’t ’ to r  I t O  I e l  Siu ,iu - 1 ’hhntiteLurv l-~1 e t i i i l u r  (tu t u

Ut part I ccii a u  h i t  e l i o t  lit h ì it ’ e t  ab j u t  v an a l y s i s  in See . I. B

are t lie b i t  eu r hu it Itt (lie’ t’c~t ui I (lii I t u t u  I i t ’  Id c O il  I I gu t - a t  l o u t  see Eq.  ( It )) I

6
0

(x )

( ~ t()

( 1 (1 — ~~ —
) 

—( x)  = 1- , ( t )  e’ — , ( x c ’ + v i ’
F \ I c Ii x c v

Iii E d . ( - ‘fl) • We’ h av e - (i tt r c u e h t i e ’e ’c I ( l i t ’ i - i  i t t  r o o t  at  I c ’ h ouu t e ’e’ t r e ’ ( i u u c ’u te ’v

dot Iu t e ’d by

- , l I lt

“ 5 ( 1 1  ‘)
h i 1 ci flu 1

i t  e l e c t  t i c  t i’F e ’i ’O e l e n u i t u i t  e magnu ’t  I -  t e m e ’ e’s ( LI - ‘cc ’ 
• I i t eu t  I lie

I , i I

p t ’rpend I cc i i  i t  ion mot h u t  I s  s Imp Ii’ lt arme uut Ic at I r e ’quu t ’tt i - 
~
‘ 

~~~ 

li t

gen er a  I , howt ’ve ’t , I lit ’ ci t’e’t u- h’ an d ut ia giue ’t h e  I i i i c ’ i ’S may hi ’ c ’ c * l u u p u t u l *  i t ’ ,

iit d t 110 S t i i )Ht ’1 1t1 t ’flt an ,i I vs i s  I fl e l I i - , u t  ( ‘0 1 ha t I i t t ’  1ic ’l~~eltcl c c i i  i ii’ ( o n
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motion is biharinonic at frequencies w1 
and w1, wher e

2 1/2
w~~~~

_
~~~t [l± (l +~~~~

) ) 
(31)

1/2
Cc) ( / 4w

= — 
_~i Ii  ± 11 +
2 1  \ Wci

The ion trajectories required in the stability analysis satisfy

d~ ’
(32)

= ~~ ~~~~~~ +

where x’(t’=t)=x and ~ ‘(t’=t)=~ . Subs t i tu t ing  Eq. (29 )  into Eq .  (32) ,

we find

z’ = z+v (t’—t) (33)

and

x ’( t ’) = w~~X ’( t ’) + Wci ~~~ y
’(t ’)

(34)

dt ’2 
y’(t’) = —o~y’(t’) — W ci fri- x ’( t ’) .

Equation (34) can be solved exactly to give the particle orbits in

the plane perpendicular to B0~~~. In this regard , it is use ful to make

use of the velocity variables (V , V )  in the rotating frame defined in

Eq. (12) . Moreover , we introduce the polar ve locity variables (V 1,~~)

in the rotating frame defined by

v + w j y V,~ = V1cos~
(35)

V~ -cc)~~X — Vy = V~sin4 .

~ 

_ _ _ _
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In solving Eq. ( 3 4 ) ,  we also make use of the fact that the Cartesian

coordinates (x ,y) are related to the polar coordinates (r , O) b y

x-’rcos6 and y— rsin O .  In tegra t ing Eq. (34 ) with respecr to t ’ , and

expressing the resulting solutions for x ’( t ’) and y ’( t ’) in terms of

(V~~, 4 )  and (r , O ) ,  we find

= 
W — W  

{v ,[sin(~+u~~’t)—sin(ufrFw t)]

~~ ‘ (36)

+ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

and

y ’( T) = 
~~~~~ 

— {V~~[cos(t I+o~ T )—cos(tfr I-W’
~r )]

W
i

_W
i

+ r(u
1
—u .)sin(O+w~ ’r) — r( Lc )j_4) sin ( 0+01’r ) }

where ‘ r t ’—t , and is defined in Eq. (31). It is evident from

Eqs. (36 ) and (37) that the perpendicular ion motion is biharmonic

at frequencies w
1 
and w

1
. Shown in Fig. 3 are plots of w1/u 1 and

versus W,~/w .. Note that  w . asymptotes at 
~wb

_u
cj /2  for

In this limit, the ions are effectively unmagnetized and exhibit simple

harmonic motion at frequency (Cu
b 

in the elect rostatic poten tial ~°( r)’.

(m
f/2e)wb

r

i i

_ _ _ _ _ _ _ _ _ _ _ _ _ _  

J
~~~~~~~~~~~~ ,,..LtL -



I .  EI .EClRosml ’  1 STAB I I -  i f l ’  l ’ R U I ’F R I  I KS

l .A ~en e ’r a l  F (~~t ’t ia v l  L ie I - e~tt . i (  (c u t

In t l t t s  see ’t Ion , WI’ I in e ’a r I z e~ E q s. ( I ) —  i’d as suming e ’le ’ e’t r o s ta t  ie ’

pert urhat touts about t lit’ gene’ r a t  o la ss  ot ~ix I svmntct r le’ (‘(1 11 1 1 1 hr La

described by I ?_ f? ( l I i _ W
t P t , v )  Eq.  ~h) ~ it e l at’b i t  m a r y  e’ l t ’ t’t re in

dens ttv prof lie ’ n0 ( r )  ~see Sec. 1, B). As In t l  t e ’at e’d t o t itt ’ tn t ,  r euduct  tout .

t h~ pr t ’st ’nt analv sis  assuntes I lut e’ pe’rtturbat Ions wi  t i t  )/ 1z 0 , so t h a t

a I t  p e r t u r h a t  Ions have’ spat (a I dep e ’nde ’nc ’ e ’ on l v  out 
~~_~~

= ( x . v)  • or eqcu i  v—

.cl eutt Iv  
~~~~ 

(1’, t~) . I it t he’ e’ I ‘c ’t r c u s  t at  It ’ a I t h ti’ ti x l  u tt .u I l out • (itt’ pet - I ut -he ’d

electric ti e - I d  Is (~~~ , t ) ~~— V 1eS 4c t , , t ) ,  :inel E q s .  (1)—( ’~ can be

I ,‘e’ cI t e u  g ive ’

4 ’ 1( + ,c ‘ ) ‘ c~ ’ ( , c I .~~c )~‘V — • ( l8~I e ’ ~~ or c i ’ 0 e ’u 1 fit 3t’

1 
~‘ 1( ‘ + 5 

- ) 
~
\‘ + ~ c Ll -+ - - ( t~~~c 1 CSV = - 

‘~‘
c •t~ t t~ u cc ’ u’ lu ’ o ci’ iii ~

- ) ) ( 
4

0

+ ~ ~ ~ ~ + 
I ~ (rui ~~ cSV ) + 

~~ 
— ~ ,

I’ t ~ I C’ e’t ’  r _l t l ~ ‘~~(

+ ~ + 

~~

‘

, ~~ 
+ • 

:~~

(* 1 )

1 ~)~ I V 1cS -$ ( x~~, t )  I ‘ I j~~’i ’k 1 •

and 
*(

~ ~ - r 
~~~

- + 

~~ ~~~~ 
= _ ‘c ’i e’ ( feI 

1
v~SI 1

— Sn ,) . ( i ’)

l i t  E qs .  I 1 8 ) — ( - c ’) . ~\ , (~~1.t ‘I I c c  ( I t t ’ pe ’ t t u l I u t ’el e l e c t i e ’ t l  I l u t t c t  ~‘ t ’ I o i I t ~ ’ , -~it~~~~ 1.t ’)

is tile’ per tu rbed  e’ lo ot  rein el e’ns I t  v • cSI v 
* 
I ‘I Is  ( lie ’ pet’ t tu’t’e’d (out

d i s t r i b u t ion  l ot t e -I  b i t , 
~~~~~ l4 c~~~’ ( t ) ~~’ I c ;  (lit ’ i ’i l i t i  I i h i t I t un t  iou ~I I a I

— ‘~~~~ ~~~~~~~~~~~ 
-
~~~~~~~~~~ ~~~~~~~~~~~~
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e’lect rio ftc ’ id ~O( r) sat is I tes the’ St i’.-t dv— st  a t e  Pci I SSt’ul e ’qtiat  I cii i  ( I l l  •

,l ut t I  “c , r )  is the ’ e’qui I i b r i u m  angu lar ve’ l eie ’ l t v  de’f tuied in  l” e~ . ( ~)
C

Teu s imp i t  t’y t he r ig h t  —hand  side ol E q .  (‘~ I ) , use is made ’ c ’t  IH~ / 1v

m
1v~ I Eq. ~) 1 , i h* ~~/ ~t \ ’— m 1 r~~ I Eq .  (101 1 , where is a u n i t  ~‘ect or iui

t lt e t I— di r ec t ion , and if ~~/ ,W
11

=_ ,c c
1

l t ~~/ , ihi 1 [E q .  ( 8 ) 1 .  The linearized

Vlasov equat io n ( - . 11 becomes

‘1

~ 
-
~~ 

+ ~~ 
. -

~~
---_ + —i- + ~~ 

Z
’

) 
~L_~ ~~Sf (x v t 1

1 (1 ( .~~~+)

— e(y ~~—~ c r ~~ 1
) \‘1~~~(~~~ , t )  

‘*H~ 
f

1
(H1- ,,c P 1,v )

We’ scul is t  i t u t t e ’

— (~~~ l ’ x h * ( _ i o t  ) , h uno ’U ,

hu t  t ite ’ r i g h t  —h a n d  s id e ’ ot I- e1 . i_ -u 1) ;ttti i n t t ’g r ;u t  t ’ I rent t ‘ — - “  to t ‘ -,

us I tug the’ tile’ t hod c i t  e’l t ct t u  c t c i  1st i c ’ s. N e’g I v e t  itt g b u t  i t  1.11 p er t  uu i’b a t I t il tS

and not l ug  t h a t  v and ~ f~~/ l lI~ cu re’ Oe it t St  8uit  ( t i t e l e ’pe ’ittlt ’tt ( cu t 1 ‘ )

, c  I t i t i  g . t  part i c ~ it’ t r ;t l e ’c ’ t c i i-v b u t  t I t t ’ e ’q ul I I I lit - I tim l i e ’ Id  c’Ot l I i g e i t ~~l t hc ’tt

we I In t l

I)

c~~t 
1

(~~~ , v , t )  — e 
~~~ 

~It  ‘ e ’ x p ( — i - t ‘~

{v ’ i _ t  ‘
~~~ V”~~ (x ’ (t  ‘1 l ’ ~ ~~‘ ‘~~I~ j i t  ‘1

wit e’ Fe ’ ~~ ( t  ‘ 1 cin d \‘J it ‘ ‘I c u e ’ t he pe ’ i’ pe ’t ie l i ec u  I at - p a r t  i t ’ It’ I ma I c’e’ t t i t ~ i es

I n  t i l e’ e’qui l l i b r i u u m  f i e l d s  c ut te l  k’
t
(~ i1 _ (i

~
t

/- 1r1
~ ~E q .  ( +.‘I 1•

,i fle l r l  sa t  1st les h i t ’ ge’ne’r;t I i-p ull  f li r t  ucm Pci 1 sooui  e q ut a t  (ot t  (I 1 1

M a k i n g  use’ of ~~~~~~~~~~~~~~~~ “ cit ‘)~S~~ i_~~j l  I 0 h i t  i’g r cu t  e’ 1w p;t t t s w I t  It

t’ t ’c- cpe ’e’t t e l  1 ‘ , . l f l t I  e lt an g I t t g  v . u t -  l ab  It ’s t o u t ‘ t , E q .  ( ‘u- u  ‘I c’ ,t i t  c I o~’

he’ exprt’sseel .us

= ~t
1
(~~1,~’1t ’xp(-I ’tl 

~~~~~~~~~~~~~~~~~~~- -- .~~~
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,
~ t
’
~ (x~ ,vl - 

~u ~

~4) 
I

+ J d t e ’x p ( - I ~ ’t )  (t ~ - 5~ ~~ 
) S~~(~~~1)

In wr i t  ing Eq. 1, ~~-c )  , we’ have’ made uSe ’ c * t E q .  t. I 1) t e l  cxli  t’ e ’Ss

f?( R x _ W
1r 1 ,v

~
) - 

~? (- ~~ + ç ’i_ r ) ,

and hence 
~f?/~

1Hj — (m
1
\’ , ) ~I f °/ 1\’~~, where’ m

1V / 2  is the’ pet-pond tc’ut ,t~

k tne’t it ’ energy  in  t h e’ rot  at I h g  I l athe ’ , c i tu d  c ’ i _ r )  is  eli’ f t  noel b u t  I- c l .  I, 1-u

We’ 1) 11W assume’ pe’ r t u u r l i a t  I t i l tS  ci t tI l e ’ f or m  cSq c ( x~ ~ ( F ‘I ~ x~
i i _ l

~ui ( 
~~~~ 

) — tt - I. u t  e’x 1i ( I  u~~ • e t e ’ . . wltc’re’ is t he  a: I illu it ha I h au - u u t e u t I t ’ uti ut t l i cu-c c

Sturne St ralght I orwar d ~u t g e ’hra ( h a t  uuu;c k es CISC ’ of E qs. c. t $ \ — ~~~~t l

r e ’cud i lv  g [V ’S

-‘u ’cen m1 - - 

~
- :~ 

[~e ’ I 
+ -~~ -~

‘ 

~~(rl

2 ~~
1 tu e )

-4- ~‘ (r) - 
- - ( c  +1,. ’ ‘I 

*i_ u- ’t 1t -  — ~
-
~~

-

0

wh it -re ‘

~~~~~ 

r ) - c  -c i _ u -  e ’ ’ m • \ ( m l  I s c l o t  I h e ’d I’ v

— i _ c  - I -  ( F ,s I i _ ’ -~
, l~ ,

e ’ e’O e cc ’ r , i u -  t ’

and ,, c i_ r I is dot erun m o d  t’ rom Eqs.  i, ‘1 ,ct i~l I I I  . Ho re ’ei~’ e ’U , st ubs  t it Ut t u g
I’ eìs . i_ .~ 

‘~~) an~I (. ‘. 71 t n t  0 Eel , I, -~ .
‘ ‘I , t h e ’ I l u i o , u t ’  I .‘ed i’o j S5e ifl  oqul ci I i Ot t  c’.Ut lit ’

( ‘X I i r0s5c,~eI ~is

:~t- [‘- (‘ ~~ :~
-
~ ~~

u.l 1 - 

~~ (
~ 

+

C C 
( - c _ Il

‘ 4 i _ t  1 1 ~ ~~~~~ ( + I ,~ 1
I’ , ‘ 1’ c L I  ,~ u- I ci ’ e’
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- 
4~ e

2 J d 3v
~~~~W~ [6( r )+ i (w_ zw j )J dT~~(r’)exP[it(6

’_O)_iwT]J

where the abbreviated notation •(r)d14
~~

(r)  has been introduced in Eq.

(49) ,  and r ’( - r — O ) — r  and O ’( r — O ) — 6 .  Equation (49) is the eigenvalue

equation that determines $(r) and the complex elgenfrequency w for the

class of ion equilibria described by Eq. (46) and general electron

density profile n°(r) and angular velocity profile w (r) consistent

with Eqs. (7) and (II). In this regard , we note that the polar velocity

variables (V1,u~) defined in Eq. (35) are natural variables for the

integrand in Eq. (49). Therefore , in the subsequent analysis of Eq.

(49) ,  we make use of

r r 2’~ r°J d 3v = J d t$t j dV1V, J dv
0 0 -

~~

Moreover , it is convenient to int roduce the phase—ave raged (over 
~ )

orbit integral I defined by

~ dt~~(r ’)exp [ iQ ( e ’ -O )— iwT 1 . (50 )

3.B Ei~ envalue Equation for Sharp—Boundary Equ i libr ium

We now specialize to the case where the equilibrium electron

and ion density profiles are rectangular (Fig. 2), as discussed in

Sees . 2.C and 2.D. The corresponding equilibrium ion distribution

fu nction is given by Eq. ( 18) , which can be expressed in the equivalen t

form

f O f O i  
[
~nj  

— — , ( i i )

where use has been made of Eqs. ( 13), ( 14) ,  (22)  and ( 2 4 ) .

-

I -~~~~~~~~~~~~~~~~~ - -  - - - ~~ -~~~~- -~~-- -~~~~~~
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Meureeu vt ’ r , mak t u g  cus e c u t  Ee1 . ( i t l  1 , iu tc l  t
0 

r )  / ~ r _ h h
11

,i (i- —K 1 (I ’ d . 17 1 •

t he ’  e’igenva l ue’ e ’qu u at  b i t  ( - ~c Y l  c- al l  he ’ t ’x pr c ’sst ,’d us

‘
~r 

~~~ 

(
~ 

~~~~~~~~~ 

:~ 
- 

~~ 
(i  + 

“‘

~~~~) 
~~~

- -~ i _ r I U
t~~0 

~ t’— R I ( u ’)
i ‘—‘ c , , - Ii

(1

i -
- T 5l V 1\’ , J dv -

~~
- [~~( U ’ h + ( , ’- ~~o . ’h 1 1

~i (1 —“-  
-

wlue’rt’

\ ( r 1 ( c  — 2 ,~ ~~ — i _ , , -- c ’ , c I c ’ c ’liS t . • ( ‘~ 1lt ’ c ’ t,’ C ’
, - u c i t i  c ’~and - _

cc ’ - = &‘cih tst . , 0 — r ’ --R ,in p
i_ rI C

Pt’
(1 , N -~r ’- N

p c

Evident l v , t h e ’ autguul ~ct- h requiette’ I t O  -
~~

, I E q .  ( 2 1 ) 1 .  ‘5
~ 

I Eq .  ( ~~‘h 1
- ‘

~~ 

( E q .  I I )  I and , - i- e l , ( ~‘h 1 ~t t  c c ’e ’h u s t a n t  ( i utde ’pe ’nel ent c i t  t’1 t o t ’

Itt’ e’,t5c ’ WI te ’ Fe ’ t i te ’ e’q t u I fbi’ i t i n t  e - L ’ e ’ t  r~’n anti ion eletus it V p Fe ’ I I I 05

c r t ’ re’e’ t a u g t u l  , u u  ( F i g .  ,, ‘I .

It is cv ide ’n t t h a t  t itt’ pe’ rt uu rhed e I c c  t i-c ifl  Ce iu) hi ’ i but i t u u t  t c u t he

r i gtt —h and  s i de  of Eq. (~uI ’h (the t e ’rm p r e u p e i r t l e u n a l  t o  , u / r t u 1~~i _ r R ’ h

in Eq.  i _ -~’~l is e’qnal t o  zero ext-Opt at t h e  sttt-fae ’ -’ of t lt e ” p l a sma

e’0 I tumn ( r”R ) . Mo i’e’c’ve’ F , I t e’an he’ slt eiwn t ha t  i- c~ . t, “ _ ‘‘h su i l u p e ir t  S a - ‘

- ‘ I , iu-’ S o h  s~ ’ 1 U t I o u t , ;  i i i  i.’ht I t’It t li t ’ lieu ’ t tirheel I c l t  u _ l e ’i tS i t  V I t  lie ’ t t ’tiIh

h u F * * I i e * F t  i l i u L d I  t o  ~ct ~V V ,
1 
~~~~~~~~ . . i t t Eq.  ‘h’) I c ;  u l c u c ’ c ’ e l u u u I to

, ‘ e ’E s ’ t ’ cu _ c ’ c ’p t  it i ’-’~R . In ( l i t ;  e t o i ’ • i t ti ’1 low ; ;  I rt un t i l e ’ I i ne ”a r i  ~ e ’clp

f ’ o i s  Oc un t’quta t b out ci SI) t Itat t h e ’ e ’ l e e ’ t ru us t a t  h e ’ pot  e”t i t (a I c~ ( m l  ltas

t h e ’ s i m p l e ’ f o r m

a

L _ __ _ _ _ _
_ _ _ _ _
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•(r) — An Z

inside the p lasma column (0’- r < f l ) .  in  Eq .  (55) , A is a c on s t a n t .

The required orb i t  integral  I [Eq . (50) ] becomes

(0 ~2’7T
I — IA d’rexp l — i ’ - 3 — iw - r ] j  -~± [r ’e x p (i O ’) ] 2’ , (56)

wher -’ we have interchanged the order of the t and q integrations.

From Eqs. (36) and (37), we express

[r’exp(iO’)J~ =

(57)

= 
+
1 
~~~ 

[ia
1(T)V,exp(i~)+rcu2

(r)exp(io)J~

where

+ce
1

(T)  = exp(iw
1
T)—exp(iu

1
-v) ,

(58)

=

and is def ined in Eq. (31). Substituting Eqs. (57) and (58)

in to  Eq. ( 56 ) ,  it is r ead i l y  shown that

~~ 
_~~~~~~~~~~~~~ --~~ J d T e x p ( -j w T ) [ (w

1
-w )exp ( iw~ r)

(w 1 w . )
j~ 1 . 

(59)
+ -

— (w
i i )e

~
tp (

~
w
i
t)]

where T(r)’~Ar
Z
. An h’iportant feature of Eq. (59) is that the orbit

intcgral I is indepe--’de-it of perpendicular energy m
1
V~/2. This is

‘u co;i~~’quence of the ar ticularl y simple form of ~(r) within the —
plasma column [Eq . (551],

Fiuuallv , after cloni c ‘;tr ~i lgh t fo rward  algebra that u t i l izes  Eq.

(51), ‘he ion ~eiocit integral required in Eq. (52) can be evaluated

______ - - - .- - ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
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4. STABILITY ANALYSIS

In this section, the linear dispersion relation (66) is solved

numerically for the complex eigenfrequency 
~~~~~~~~ 

In this regard ,

we assume throughout this section that the electron fluid is rotating

in the slow equilibrium mode with

1/2U) / 4w
— ce I EU) 1 — i l — - - — —e e 2 u, w

ce

2 2 (71)

= ~~~~ {
~ 

— (
~ 

- 

~!e~ 

(l fj~ ) ,

where use has been made of Eqs . (7) and (21) . It is also assumed

that the mean equilibrium motion of an ion fluid element corresponds

to the slow rotation velocity defined by

U) / 4( 
~~~~ 

) /
- ci I I E di

U) . = w  — ‘ h l —
1 1. ~~~~ W i (72)

~2 1/2w . / m 2w r \ ~
= — —

~~~~~ ~. 
— + 1. pe (1—f) — 

~~ ~~~~~~ .2 
\ 

m 2 2 j  je w  R
ce p

In obtaining Eq. (72) , use has been made of Eqs.  (27)  and (28) to

‘solve for w 1=wT . For 
~~~i

/R
2<<l , we note from Eq. (72)  that I~~w ,

where is the laminar rotation velocity defined in Eq. (31) .

Substituting Eqs. (71) and (72) into Eq. (66), the linear dispersion

relation can be expressed as

~2 2
w w R

1 
— pe 

+~~~
1
~~~ r )

l-(R /R )
2L - 

2(w-Zw ) [(w-~ w ) -(w - 2 w ) ]  2~~
2 Z

p c e e ce e i 
73)

where r Z (W) is defined by [Eq. (62)]
+ Z  ~~- ~~~ m

1w -w w-R,w 1w -(ci
I i i i  r 

_ _ _ _ _ _  
i : i i

= —1 +~ — +)  ~~ m !( Z — m ) ! — + — - — +m 0  w_
~~~cm(w i

_w
i

) w
i

_w
i

(74)

— —- -~~~~--~~~~~ --‘— _ -~~~- ~---- -‘  ~~~--~ - -
~~-~~~~~‘

-
~~~~~~~ ~~ ‘cs~~~~~~~~~ ~~~- 

_ _ -- -
~~~~~ ~~~

- - -
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boundaries (y — 0 ) obtained freu m Eq. (73 )  (or  Eq.  (75 ) 1 for  
~ 1
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value e)f , the  reglein of (I  ,ltl / t  ) parameter space above the’ curv e

corresponds to inst ab lilt v (y~ 0) , whereas thte reg lout  euf pti rant e’ter
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1 1 / R — t ) . 5, and ~~2 , 4 and 10. i i  Is i u t t p e i r t a u t t  I t t

n o t e’ tha t the sy s tem Is s t a b le  In the ’ reg ion c i t  p t t r an it ’t e r  space

where the  equt ii lb r I tint s lu a c ’ 1’— clt;i t’ge’ fI eld Is weak se’t ’ t lit ’ t i ppe r  It’ ft —

hand corner cit Figs . 6 ( t i )  — u ( c )  1. Al  Set no t e ’ t h a t  t i l e ’ sta lu l e’ reg ion p
e paraniet er spat’ e Increases Iii tire’s as lie az I uttu t I n c  I aside number

is increased I compare ’ FI gs. 6 (it ) suiel 6 ( u _ ’1 I . In  F i g s .  7 and 8,

the  st ~tLi i I Ity boundar lea t i r e ’ h u t s  t r at ed  t or r - IN 1 and r IN = 2~~
- h i  P Id P

Ev ide ’u ’it  l v , fo r  such ltur gt ’ va l ues ci f r IN , [ lit. ’ tog I tilt u _ i  I ( I , c:t~ / i ,  I
Li P ~~C’ c’

parame t t’r sp a-e  cu_ urr ea p ot ie t  it ig  I t )  t i l l  owen,t eq c i i i  f l i t ’  ‘i s  lie e’eime’s inc rt ’as lu g  I C’

l i m i t e d  liv t h e ’ e’ott s t ra h u t  f i t  h’q . (78) I see a I scu F i g .  4 1 . hl eu w ev e ’r

the ’ qua l i t  at lye fea ture ’ s e i t  b I t t ’ s t a b  l i l t  v ho tu t ie lar  los , ti tt e l t h e i r  de ’potieit ’ne’e’

tu~i mode’ neinther , are c u t itt’ twiSt’ s la t  l i t t  r t o  F i g s .  i t i t i e i  6.

Th e’ dependen ce of St abi itt v proper  t i e ’s  on f rac  t I ens I e’ltau ’ go

nt ’uit r a I l  z~~t ion f Is f u u r  t her i i i  cia r ci t e’el In  FI g s .  ~ — Ii • whe’ re ’ t hi t ’

neirma I I  zeel growt hi r a t e  1 /i u _ 1
1A1 

and osc 1 1 1  a t  I t in I t  u_ ’u_ lt t ene ’Y le l~~ /ce ’111 
,c i t ’

p lot  ted versus f fo r  ; t  / c c i
2 

0. () t )2 ( F i g s . ~i and I t)) Situ_ I 0 I c ’ 1) . S
~te ’ e ’e’ P ’  t t ’

( F I g .  11)  , and Se’ve’ lot I vs 1 t i e ’ S  of me de uumbt ’r I . We’  ,t ISt ’ ~1SSCtate’

~~ 1
/R =0 In Fi g. ~i . ~ u it h  

~ 1 /R =0. S In  F igs . 10 mid I i .  Lu Figs.

9 ( b ) ,  10(b) and 1 1 (b) , c / s
i l l  

h~ P l o t t e d  n u t  I v  I or ( I t t ’  i a u t g e ’S c i t  I

— ~~~~~~~~~~ ~~~ -— -
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corresponding to t n et a b i l it y  (y> 0) . Several features  are n e t . ,’wei r t h v

in FI gs. 9 and 10, Fi r st , the utumber u _ i f  unstable modes hit e’rease’s

rapidly  as f is increased . Second , for 1>2 , the  i u t s t t t h i l i t y  g r ow t h

rate is significantly reduced by fin Ite ion 1~armor radiu s e’ft ot ’t~,,
V

p a r t i c u l a r ly when the equilibriu m self electric fid el is suit t I e - i e ’ n t l y

weak . [Fo r examp le , compare Figs. 10(a) and 9(a) vit hi I approaching

unityl . Third , for low beam cL ’ l t S i  t tea , we tote that the re’a I I i  t ’qtuone’v

ici exhibits a near ly l inea r  dc’pe’tid once etit the’ f rae’ t I outa I charge’

neutralization f IFigs. 9(b) ~uiel 10(h )  
~~
.

The dependence of stability propertie s on beam densit y Is ilh us-

trated in Fig. 12 where ~~/lcl111 and t’r~~ l H  are plotted versus

for f—0 . 5, r /R —0.5 and several values of Q, As shown itt Fi g. I .‘(,c ’t
1,1 p

the absolute maximum growth rate 0.56 cthLH) fo r  t h i s  u_ ’l t o l t ’e o f

parameters occurs for t—2 and hi l ieu 0. 38. The absc i sst c  in F i g .  12
~~

t ’ cc

extends to ~2 /u
2 

— 1 . 0  since’ p hy s i c a l ly  a l l o w e d  e q u i l I b r I a  e x i s t  hu r

~~~ /w 2
,~

0. 5/ ( l_ 0 .5 ) i [Eq . (7 6) and Fi g. 41 .

Of considerable  I n ter e s t  for  expe- r  in i en t tu  I app i i  cat I ciii is the

stability behavior for specified va l ui e ’s of f , ~t / o and IN
- P0 t ’ t ’ 1,1 p

Typical results are sununar ized in Figs. I 3—1 5~ wheu’e ‘
~ 

Iuet 1~~ ti utd 511, /st i l l

are plotted versus mode number I. for & t ~ /ccu =0.01 (Figs . I I  tine l 1 4 ) ,

~~e~~~e
0
~
5 (Fig. 15), rLI

/R
~~
0 (Fig. i1)4

~~ l 1
/R~-l.0 (Figs . 14 antI 1” ) ,

and several values of f r a c t i o n a l  charge  f lout  r a i l  za t  l o u t  f .  The’ graph I e ’a 1

results  are presented only for unstable’ mode’s wIt h ‘y~~O. For s u t f I u _ ’ l e nt l v

low beam densi t ies  and large f r a c t i o n a l  charge n e u t r a l  I z a t  Ion ( lu_I
2 Ic, ’ —

P° e’e’

0.01 and f—0.8 In Figs . 13 and 14), we note that finit e ton l,armor

r adius effects r educes the i n s t a b i l i t y  growth rate ~ctt d the ’  n uu mber of

uns tab le  modes. For example , for  r 11 lR~~ 0 and f 0 .8 , t h e ’  absolute ’

maximum growth rate 
~~M °~

°7 
~~LH~ 

occurs for  i~— l 1 , and the  svst e ’m is



______ - _ _ _ _ _ _ _ _

3()

unstable for I. in the range l<Z<18 (Fig. 13(a)). On the e)tlie r hand ,

f or rLl /R .1.0 and f—0.8, the absolute ’ maximum growth rate

0.055 WLH) occurs for Z—9 , and the system is unstable for l’-t ’-14

(Fig. 14(a)1 . For high beam dt’nsities (Fig. 15), fin ite’ lu_ in Larmor

radius effects have a negligible influence on stabil ity hehavtt’r (SOt ’

also Fig. 11), although there Is a aubst~cnt lal reduct ieiu t In the’

ni~~bcr of unstable modes re 1st Lye to  t h e’ lu_iw— dens it y cast ’ (Figs. 1 3

and 14).

4

- ‘- --— 
~~~ d -~
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S. CONCLUSIONS

In th is  paper , we have investigated t h e  i n f luence  et f f i n i t e  ion

Larmor radius effects on the ion resonance Instability in a nonneutral

plasma column. The equilibrium and stability analysis (Secs. 2—4)

was carr ied out w i t h i n  the framework of a hybrid Vlasov—fluid model

in which the ions are described by the Vlasov equation and the electrons

are described as a macroscopic , cold fluid immersed in a uniform

axial magnetic field 3
O~z

’ Moreover , electrostatic stability properties

were calculated for the case in which the equilibrium electron and Ion

den s i ty  p r o f i l e s  arc rec tangular  (F ig .  1) and the e q u i l i b r i um ion

d i s t r i b u t i o n  fune ’t t eun  is specified by E q .  ( 18) . In c i rcumstances

whit’ rt’ t he’ p er t  urbeel Ion deuts it ‘~‘ e’ecrrespeu nds t ci a stir face—charge

hueurturhztt ion (at r—R ) , a striking feature of the  s t a b i l i t y  an a ly s i s

Is  the ’ f t c u _ ’ t t h a t  the requ i red orb it h i t  egra 1 I ( E q .  (50) ] can tic

cvtc lust  e’d lii  c I u_u sed t ornu I Eqs. ( 5c) ) and (62 )  1 [cur gener a I vs lute’s t~ I

‘ u - i
t h e ’ psr.cnte’tt’rs I’ I N  .cttd ( 2o ’ l ie ’ ‘1(1 — f)  . In add it iout , the result ingI , i  p p i ’ cc

e’ I genva lui t ’ equst hun ( t 1) can he’ seu I ved e’x:iC t 1 v to give’ the’ closed

d i spe r s ion  r c ’ l t u t i e u n  (66) . A de’t a i led numerical analysis of Eq. (66)

was p rese’nted In Sec. 4, and I t  was shown t h at  the growth r t t t  e ’ Of t hte

ioui resonance’ inst ability exit t h i  t s ~ very sensitive ele’peuidcne’e out

r /R , c:1
2 and f .  For examp le , [I n t l  e’ ion Larmo r rad his e f f e c t s

Li  p ~~u_ ’ cc’

can have it at rtung stab Ii izing I n f l u e n c e  for  ax-ide num bers ( ‘2  (se’c ,

for example , Figs. 10 itnd 14), part te’ u l sr l v  when t he’ e q t i t l i h r l u u m

~elf— e ’ icc trio I it’ Id is weak (at’ I ce ’ < .~ 1 or I e’ leuse’ ( 0  cult It v) , For [lit’
pe c’ t’

fu ndtim e ’ntal mod e’ ( h — I )  , hteuwt ’ver , stahl i f v prope’rt les .n’e’ (dent  i c t i  1

to those ’ c’itl ecu [a ted f rom a m su_’roscop l c t w o — f l u i d  model , and t h e’ growth

rate Is uit~ t’fe ’~ t t’eI by th e ’ ~‘, u i u u i ’ of r IN- 1, 1 p

L. ~~~~
‘ ~~~

-_- - ~~~~~~~~~~~~~~ -- -



— -- 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

32

ACKNOWLEDCMENTS

This research was suppor ted by the  Nat  ions 1 Se’ ion e’o Foun efa t Ion .

The r esea rch by one of the  a u t h o r s  (L I . U.  ) was sutppe ur t ed  in  p a r t  by t he’

Office of Naval Re’search cinder i t U S~~ i c e ’s c-if the  LJnI v e ’rs  i t  y u _ i t Mars’ 1 tutel —

Naval Research Laboratory Jo tnt Program in Plasma I’hys it’s. One’ u_ i f u m s

(R.C.D.) would also l ike to thank Professor K. N i s h i i k a w ~u suid t h e

Japan Society for  t h e  Promot ton of Sc le’uce for  t he  cu ppor t u n i tv  to  v i s i t

the Un ive r s i ty  of H iro sh i in ta , whie ’ re p a r t  u _ i f  t h i s  r e ’se t t r ch i  w.is c a r r ie d

out ,

4,

_ _ _ _ _ _  -~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ --~~~~ -~~~~- — -— -~~~~- -—— 
-

~~~~ 
‘

~~~~~



__

REFERENCES

1. N .  C . Dav idson , Theory~ of Nonn eutr al Plasmas (W. A. Benjamin ,

ReactIng, Mass ., l9/~~) .

2.  Lu_ic . ~~~~~ P. 62.

3. R.  C. Davids on and H. h ’hm , “ In f l u e nc e  of Strtung Sel l E l e ’c t r i e -

Field s on the Ion Resonance Instab i lit y in a Nonneut ra l Pl asma

C o l u m n ” , submitted for public a tio n ( 1 9 7 7 ) .

4.  R .  I I .  l,e’v~~, J . I) . Daug her ty ,  and 0. Buneman , Phi v s .  F l u I d s  12 ,

2616 (1969) .

5. 1). C . Koshkarev and P. N.  Zenkevich , P a r t i c l e  Ac’ce ’l .  3 , 1 ( l ~~7 2 ’)

6. P. A. D ’lppo li to aui d N . C. Davidson , Phy s .  F lcu i e l s ~8, 1507 ( 1 9 7 5 ) .

7. 1 . 1’ . Freidb crg, Pht ys . Fluids Vu , 1102 (1972) .

8. R. N . Sudan and N , Ru _ u se’n h l u th , Phvs .  Rev . l ,et t .  36 , 9 72  ( 1 9 7 6 ) .  h

‘) . N .  C. Davidson , Phtv ~~. F l u i d s  19 , 11 8’-) ( 1 9 76)  ,

-



r. - - -‘- - - - - -
~~~~~

--——--—
~~
---—- 

i \ I ’

q c i I I I ’  I i cclii ,-ti I i a’ .1 - i i  iOu _ I c. ‘u u _ h i oat c ,~ ‘u e ’i~~,

~ , . . , ,cui~ ui 1 , uc Iu _~ c c  . i t i , i  - - elu _ ’ii~ i t  ‘ i  ~‘ t  i I ~~ I l - ~~ . I ~)

,i uiu _ I t ~ ‘~~ 
) .

i~t -~ C l  - - ‘ i -  i i , 
- 
I , ~~~~~ 

- - i ’  - t ’ u_~ . 1 I
i c i  I c i  C i  t

C • - ‘o ~ a I I ‘c,  ~I 1 - i  i - e  0 .  ;h )  mel  c ’ ~ h i t (ti c ’

P t  I L-~~c I c i  ‘ ~~~,‘ 
- 1 L c I ~ i c ’  , i t i eh  -~~~ \ u u 1

- - ~I u , -~ - ,

i~ ’ t  l i t ’  - - , i c -
~ I i  ‘i.  i -~ t i c  ‘ t . i l ’ i e ’ t  , ‘ i  

~~~~~~~~~~~ 
‘-C

3 1  . ~ I • ‘ u  - i~’ i~ ‘ • • L ~ 1 . ‘ , u~ - t~ ~ t t , mu _ I
- ‘ ‘ ‘ - ‘ i ’ I i  

~
‘

I - - I . 11 cc . . 0

‘ ‘~ 1 i t ’  i I i t  \ ‘, i i i c l .  - i i , - ~~ , 
- I l i t ’ p c i  ult e - I c ’ I

I , - i , - u ii S~~’ - . I S  ,‘ ~ I~~. ‘ , 
‘ t- u_ ‘ . . i l i u _ Z

C e ’ ‘ 1’ ‘ I ’

a - 
, ~ I ’ ’  o u t  u_ - h e 1 

-

C-

I u ‘ i l I ~~ i . I  - - ‘ - I It ’ ~
, , i t  i u t l . t ~‘ I  ~~~ C

u_ . - - 
— I , ‘ i - c~~~~~i ” ”  ‘ ts I ’ - , - / ~ 

- I . . , uu i u _ h
‘

— C - 
‘ I’ ‘ ~‘ - ‘

i i i  u a l e , ’,. e ’ t

~
.i  u ‘~~ i i  . 1  - ‘- ‘ i i ’  ‘ I I  I ‘, I  • i ‘~ ‘ i ~ ~

I - , - 
•
~~

, c~ - — .  u’ . - .I i  
~
‘

- ,  - d c c -  -‘

- ‘ ‘ i S I  - ‘ I I ,  - I I i t S ~~I I ~~~~~~~ 5

- - - f T  - 
I 

~~~~ c 1u ‘ uc - ‘i 1
1 ’ ~~~~

I . , ‘ , r  1 c , 1 •u , -~c 0



- -~ -~

35

Fig, 10 Plots  of (a) growth ra te  y and (b) real f requency  u r

versus f [Eq . (73) ] for  
~~e~~~ e 0 0 0 2

~ 
m 1/ m — 1836 ,

R /R — 0 . 5 , ~ /R — 0 . 5 , and several va lues  of 1.
p c Li p

Fig. 11 Plots  of (a) growth ra te  ~ and (b) real f requency  
~~

versus f [Eq . (73) ] for w 2 ,~,2 — 0 . 5 , in /m — 1836 ,pe ce t e

N /R — 0 . 5 , r / R — 0 . 5 , and several values of i.
p c Li p

Fig .  12 P lo t s  of (a) growth r a t e  ~ and (b) real f r e q u e n cy  o

versus ‘-‘
~pe ’~’~c’e 

[E q.  (73 ) ] f o r  f— 0 . 5 , m 1/m — 1836 ,

R /R =0.5, r /N =0.5, and several values of I.
p c Li p

Fig. 13 P lo t s  of (a) growth ra te )’ and (b) real frequency w

versu s ~ [Eq . (75 ) ] for w~ /w 0.01 , in I n  — 1836,pe cc I e’

R IR —0.5 , r /R —0 , and several val ues of I.
p c Li P

Fig. 14 Plots of (a) growth rate ‘y and (b) real frequency c i

versus I [Eq . ( 7 3 ) ] fu_ -cr /t , 1 0.01., m In 1836 , S

Pt’ C e ’  I e

R IN =0 .~~, ~ I N  ~I.0, and several val ues of t .
p c Li p

Fig.  15 P l o t s  of (a)  growth r a t e  ‘
~ and (b) real frequencv c ,

~~‘ 2 
v

versus [Eq. (73)] for eu_t~~ / W — 0. 5 , in /m = 1836 , N I Npe ce I e p i’

0.5, rLl/R 1.0 . and several values of f. 

~~~~~ - -~~~~ - - - -__
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